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It is taken into account that not the Ricci tensor Ril (Einstein equation), but the
Riemann tensor Riklm provides the most general description of the space geometry.
If Ril = 0 (the space empty with matter, but it can be occupied by gravitational
waves) then Riklm = Ciklm . The tensor Ciklm is the Weyl tensor, which disappears
by conversion:Ril = g
kmRiklm and we lose all information about the space structure,
which is described by Ciklm .The symmetry of Ril provides the existents of gravita-
tional waves with the spin s=2. We show that Ciklm describes gravitational waves with
s=1. Such gravitational waves can be created in inhomogeneous media, where the se-
lected directions are determined by derivates of the energy-momentum tensor Tmi,k of
matter. It is taken into account that gravitation is described not only by the metric tensor
gik = (1/2)(γiγk+γkγi), but also by the anti-symmetric tensor σik = (i/2)(γiγk−γkγi)
, where γk(x) are Clifford matrices. We show that the tensor Kik = (1/4)σ
lmRiklm, is
the anty-simmetric analog to the Ricci tensor. The Klm describes various kinds of space
metrics, not described by the Ricci tensor. It includes the Weyl tensor Ciklm, because
σlmClmik is not zero.
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1. Introduction
In this paper we take into account that the most general description of the space
geometry is presented by the Riemann tensor. The Ricci tensor and the scalar
R = gkmRkm contain less information. The Riemann tensor has more independent
components than the Ricci tensor.1 In particular, using the Ricci tensor, we lose the
information on the Weyl tensor, which is the part of the Riemann tensor, but dissa-
pears by conversion in the Ricci tensor because gilCiklm = 0. Therefore, using only
the Ricci tensor, we can lose some information which is related to anti-symmetric
properties of the Riemann tensor and, hence, some information on possible grav-
itational structures. We shall show that the tensor Klm = (1/4)σ
ikRiklm, where
σik(x) is the spin matrix and Riklm is the Riemann tensor, describes gravitational
structures of space, different to that described by the Ricci tensor Rkm = g
ilRiklm.
Tensors Klm and Ril are expressed by different combination of the Riklm compo-
1
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nents. These tensors depend on different components of energy-momentum tensors.
They determine different sets of tetrads hkα and, hence, describe different cases of
the space geometry. The Ril = 0 does not mean that Klm and Riklm are zero. The
tensor Klm was considered in literature,
2, 3 as a tensor which describes only the
spin properties of test particles, but not as the tensor which describes gravitational
fields. We take into account that the spin matrix σik(x), refers not only to the spin
of a test particle but, as well as the metric tensor gkm(x), determines the geometry
of space. We shall show that the tensor Klm can be considered as the tensor com-
plementary to the Ricci tensor. The Einstein equation describes gravitational waves
with the spin s=2. It will be shown below that the tensor Klm, which includes the
Weyl tensor, describes gravitational waves with the spin s=1. Such waves can be
created in media if there are selected directions, determined by non uniform distri-
bution of matter. To provide the independence of the final results from the chosen
representation of the matrix σik(x) , the traces of quadratic forms are used. For
example, the scalar curvature can be presented as: R = gkmRkm = Trace[σ
ikKik].
2. The tensor Klm
The most general expression of the Riemann tensor which is: (a) linear with respect
to energy momentum tensors Tkm, (b) for which the corresponding Ricci tensor
determines Einstein equation, and (c) which is not zero for the non flat geometry
of the empty space, has the form:1
Riklm =
1
2{ ∂
2gim
∂xk∂xl
+
∂2g
kl
∂xi∂xm
− ∂2gil
∂xk∂xm
− ∂2gkm
∂xi∂xl
}+ gnp{ΓnklΓpim − ΓnkmΓpil}
= 4piG
c4
{gkmTil − gimTlk + gilTkm − gklTim − 23 (gilgkm − gklgim)T }+ (Riklm)0
= 12{Rilgkm −Rimgkl +Rklgim −Rkmgil − 13R(gilgkm − gimgkl)}+ Ciklm
(1)
Here (Riklm)0 is the part of the Riemann tensor which describes the geometry of
the empty space.
(Riklm)0 =
1
3 (gklgim − gilgkm}Λ + Ciklm (2)
Here Λ is, so called, cosmological constant and Ciklm is the Weyl tensor.
4 The
Weyl tensor does not depend on the energy-momentum tensors of the matter. It
describes the geometry of empty space. The Ricci tensor does not depend on the
Weil tensor because gilCiklm = 0, however σ
ikCiklm is not zero if the geometry of
the empty space is not Euclidian. The physical vacuum is a complicated system
and it is possible that the vacuum is inhomogeneous at cosmical scales.5 Using the
expression (1) we obtain the Ricci second rank tensor as:
Rkm = g
ilRiklm =
8piG
c4
{Tkm − 12gkmT }+ (Rkm)0,
(Rkm)0 = g
il(Riklm)0 = −gkmΛ
(3)
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The metric tensor gkm(x) and the spin tensor matrix σik(x) are determined by the
Clifford matrices γk(x):
gik = (1/2)(γiγk + γkγi), σik = (i/2)(γiγk − γkγi)
γk(x) = hkα(x)γ
α, gkm(x) = hkα(x)h
m
α (x), σ
km(x) = hkα(x)h
m
β (x)σ
αβ
(4)
Clifford matrices γk(x) depend on space-time coordinates. Matrices γα are Clifford
matrices for a flat space-time and hkα(x) are tetrads which determine the metric
tensor gkm(x) and the spin tensor σik(x). Latin indices (n, km, etc), were used here
for matrices (γn, σkm , etc.) in curved space. Greek indices (α, αβ, etc.) determine
(γα, σαβ , etc.) for the flat geometry. Matrices γk(x), σik(x), etc. are used in quantum
theory but, by themselves, they are classical quantities which are determined by
the space geometry. The γk(x) determines gkm(x) and σik(x), but both gkm(x)
and σik(x) are needed to determine γk(x). For example, the γk(x), but not gkm(x),
determine gravitational effects in the expression for the current created by electrons:
jn =
√−gψ∗γnψ and ∇njn = 0.
The interval in the Riemann space can be presented as ds = γpdx
p. In the case
of two infinite-small displacements dx1
n and dx2
m at the point x, the associative
intervals ds1 and ds2 do not commutate:
i[ds1, ds2] = σmn(dx
m
1 dx
n
2 − dxm2 dxn1 ) (5)
The (dxi)× (dxk) = −(dxk)× (dxi) is the infinitesimal element of surface area, de-
termined by the vector displacements. Final results of the theory that can be com-
pared with observations have to be presented in a form which is independent of the
γk(x) representation. For this purpose quadratic forms and traces of the resulting
expressions are taken as final results. The quantity ds2 = gikdx
idxk can be mea-
sured with arbitrary precision with rods and clocks. It is similar to the situation in
quantum theory, where the wave function is dependent on the γk(x) representation,
but only the square of this function describes observations.
To consider the problem of gravitational waves with the spin s = 1, it is necessary
to use some properties of spinors and properties of the anti-symmetric second rank
tensor Kik. Not only scalars, vectors and tensors, but also spinors and spin-tensors,
are classical geometrical functions, which are representing the group of rotation.
Spinors and Clifford matrices do not contain the Plank constant and can be used
to describe classical as well as quantum systems. The covariant derivative ∇n of a
spinor ψ is:6
∇nψ = ψ,n + iΓnψ
Γn = (1/4)γ
mγm;n =
1
4{hm(α)
dhm(β)
dxn
− hm(α)hl(β)Γlmn}σ(αβ)
∇mγn = γn;m + iΓmγn − iγnΓm = 0
0 = ∇β(∇αγµ)−∇α(∇βγµ) = Rµλαβγλ + [Kαβ, γµ]
(6)
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Using expressions (6) for the gamma matrix covariant derivatives, the tensor Kik
can be expressed in terms of Christoffel symbols Γn for spinors as:
2
Kik =
1
4
σlmRiklm =
∂Γi
∂xk
− ∂Γk
∂xi
+ iΓkΓi − iΓiΓk (7)
Using expressions (1) and (7) the tensor Klm can be presented as:
5
Klm =
2piG
c4
{σnmT nl − σnlT nm − 23σlmT } + 14 (σikRiklm)0 (8)
Equations (1-3) and (7-8) are nonlinear. Only a few exact solutions of Einstein
equation (3) are known. Gravitational waves with the spin s = 2 are described in
literature as a solution of equation Ril = 0. The equation forKlm can be obtained
2, 3
using the Bianchi identities. It is important to note that these equations have the
form similar to Maxwell equations:
∇lKik+∇iKkl+∇kKli = 0, ∇nKnm = −Jm (9)
Here Jm determines the divergence-free vector, similar to the electric current.
Jm =
2πG
c4
σikTmi,k + (J
m)0, ∇mJm = 0 (10)
It was taken into account that ,according to equation (6) : ∇ngil = ∇nσik = 0. The
expression for Jm was obtained using the equation (1) and the contracted Bianchi
identities in the form: Riklm,l = R
i,k
m − Rk,im . The direction of the current Jm is
determined by the derivatives of the energy-momentum tensor TmI,k. In a particular
case of continuous media: Tmn = (p+ ǫ)umu
n − p(δmn ) and T nn = ε − 3p where ε is
the energy density, p is the pressure and un is the 4-velocity of the media.
The theory allows adding some polar vector to Γn. This vector can be interpreted
as a vector potential of electromagnetic field and, hence, can introduce this field into
the theory. It is seen from equation (8) that the tensorKik has a potential and vortex
part, similar to the electromagnetic field Fik.
3. Gravitational waves with the spin s = 1
There are well known statements that gravitational waves with the spin s = 1
cannot exists, because gravitational forces are attractive and are determined by
tensor quantities, in contrast to electromagnetic processes, which are determined
by vectors.1, 7, 8 Indead, the symmetry of the tensor Ricci excludes the possibility
to describe gravitational waves with the spin different from s=2. However, it does
not contradicts to the symmetry of the tensor Kik . The existence of the selected
directions, which are connected with locations of positive and negative charges,
determines the directions of electric currents in space. It provides the existence of
electromagnetic waves with the spin s = 1. The selected directions can exists in
gravitational fields if the distribution of matter, which creates gravitation, is non-
uniform. We will show that in this case the emission of gravitational waves with
the spin s = 1 is possible. The current, which create these waves, is determined by
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derivatives of the energy-momentum tensor Tmi,k of the matter and by the Clifford
matrices γk(x) . Using the analogy of equations (9) for Klm and Maxwell equations
for the electromagnetic field Flm, and introducing quantities Φk = K0k+iKlm ,where
k 6= l 6= m 6= 0, and Θk = K0k − iKlm , we can obtain the equations for Φk and Θk:
i ∂
∂t

Φ1Φ2
Φ3

 =

 0 0 00 0 −i ∂
∂x
0 i ∂
∂x
0



Φ1Φ2
Φ3

+


0 0 i ∂
∂y
0 0 0
−i ∂
∂y
0 0



Φ1Φ2
Φ3

+

0 −i
∂
∂z
0
i ∂
∂z
0 0
0 0 0



Φ1Φ2
Φ3


−i ∂
∂t

Θ1Θ2
Θ3

 =

0 0 00 0 −i ∂
∂x
0 i ∂
∂x
0



Θ1Θ2
Θ3

+


0 0 i ∂
∂y
0 0 0
−i ∂
∂y
0 0



Θ1Θ2
Θ3

+

 0 −i
∂
∂z
0
i ∂
∂z
0 0
0 0 0



Θ1Θ2
Θ3


(11)
Here Φ1 = K01+ iK23, Φ2 = K02+ iK31, etc., and Θ1 = K01− iK23, etc. The units
c = 1,~ = 1 are used here. The equations (11) can be written in a form:
i∂Φ
∂t
= spΦ, pΦ = 0, i∂Θ
∂t
= −spΘ,
pΘ = 0, p = ∇
(12)
sx =

0 0 00 0 −i
0 i 0

 , sy =

0 0 i0 0 0
−i 0 0

 , sz =

 0 −i 0i 0 0
0 0 0

 ; s2 =

 2 0 00 2 0
0 0 2

 ;
Φ =

Φ1Φ2
Φ3

 ; Θ =

Θ1Θ2
Θ3

 , Ψ =
(
Φ
Θ
)
The matrix s has the properties sisk − sksi = iεiklsl and s2 = s(s + 1), which
means that s = 1. Therefore, s can be considered as the spin of a particle which is
described by the wave function Ψ.
In the general case the Φ and Θ are complicated functions of space and time.
These functions can be presented as a sum of plain waves. In a simplest case
Φ = Φ0e
ik·r−iωt, Θ = Θ0e
ik·r−iωt (13)
Here the Φ presents a wave with the spirality +1 and Θ presents a wave with the
spirality -1.
(k · s)Θk = −ωkΘk, (k · s)Φk = ωkΦk (14)
Equations (12) are similar to the Weyl equations9 for neutrino with the zero
rest mass. For the neutrino the Φ and Θ are components of bispinor and s = σ/2 .
Reflection operation transform Θ→←Φ as well as for the case of neutrino. To provide
the independence of the final results from some specific representation of the matrix
σik , the quadratic forms should be used, and the trace of the final formulae should
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be considered. Such procedures are common in quantum theory but, by themselves,
those are classical procedures.
Tr{(σik)(σlm)} = 2[gkmgil − gimgkl] (15)
|Ψ|2 = Tr(
∑
n
{|Φn|2 + |Θn|2}) = 1
4
∑
n,p,s
{(Rps0n)Rpson + (Rpslm)Rpslm} (16)
The indexes n, l,m are correspondingly: 123, 231 and 312.
Results expressed in terms of |Ψ|2 can be compared with observations. As in the
case of electromagnetic waves, the wave function Ψ, determines the amplitude of
the gravitational perturbation, but not the probability to find a quant of gravitation
at some point of space. This function has a rather complicated dependence from
the metric tensor gik. The waves with the spin s = 1, determined by |Ψ|2, are not
similar to gravitational waves with the spin s = 2, which are determined directly
by gik.
1
It can be seen from the equations (9) and (10) that the source of the spin
curvature is the current Jm which is determined by changes of the energy momentum
tensors T n,lm of the surrounding matter in space and time. This current creates
gravitational wave. The wave propagates and interacts with the matter around. The
wave changes the state of the surrounding matter and creates the current Jm at the
point of observation. The Jm determines Klm and, hence, the functions Φk = K0k+
iKlm , and Θk = K0k − iKlm, according expressions (9) and (10). The interaction
of a wave with equipment, used for wave detection, changes the energy momentum
tensor of the matter at the point of observation and can be detected. Unfortunately,
gravitational waves of any kind were not observed up to now. Investigations of
complicated, time dependent changes of gravitational forces are necessary to detect
the gravitational waves. The complicated technical problem of the gravitational
waves detection needs a special consideration and is not considered here.
According to the theory of the Universe development,10 gravitational pertur-
bations, in particular in the form of gravitational waves, are created not only by
motions of celestial bodies, but were also created after the big bang. The distribu-
tion of such perturbations has to be inhomogeneous similar to distribution of the
relict electromagnetic radiation.
4. Conclusion
1. For complete description of the space geometry it is necessary to use the tensor
Riklm. The tensor Rkm is not sufficient for this description. The tensor Kik can be
considered as a tensor complimentary to Rkm. The Kik describes space structures
different to those described by Rkm.
2. In particular, the equation for Kik describes gravitational waves with the spin
s = 1 .
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